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ABSTRACT 
A systematic analysis of Newtonian flow past an axi-symmetrical 
blunt body i s  developed by expanding various physical quantities i n  power 
se r ies  of h = (y-l)/(ytl), where y stands for the rat io of specific heats of 
a gas. 
Some general results such a s  stand-off distance, pressure distri- 
bution along the axis of symmetry a r e  given, provided that the shock is 
detached and has finite curvature a t  i t s  nose. 
More extensive calculations a r e  made for the flow past a flat-faced 
disc and power-law bodies. 
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I. INTRODUCTION 
So Ear, xthe hypersonic flow theory of a perfect gas with a constant 
ratio of specific heats has been developed for  two kinds of bodies such as  
very  slender bodies a s  well a s  blunt-nosed bodies. While the former has 
been successfully treated by the method of smal l  disturbances the latter 
case has been discussed a little later  by using the further assumption that 
the adiabatic index of a gas is very close to  unity. Such a flow i s  called 
now a "Newtonian" flow and much progress has been made already 
  ree em an") and Chester ( 2 ) s  ( 3 )  and the ear ly  paper of ~ u s e m a n n ( ~ ) ) .  
Van ~ ~ k e ( ~ )  gave a concise review of the blunt body problem and 
developed a numerical method suited to  a high speed computer. 
Physically speaking, the difficulty of the flow with a detached shock 
wave comes f r o m  the fact that the location and the shape of a shock wave 
cannot be predicted in advance and the whole field is highly vortical due t o  
the non-uniformity of strength of a curved shock wave. Therefore, many 
writers  have t r ied  to  solve the inverse problem, in which the body shape is 
to  be found for various assumed shock waves. But the shape of shock i s  not 
s o  sensitive t o  the change of body contour and the direct method, in  which 
the body i s  given, i s  preferable. 
In this paper, we assume a perfect gas with a constant ratio of 
specific heats and neglect various effects of a rea l  gas at  high temperature 
such a s  dissociation, recombination and ionization. 
The density ratio A across  the normal portion of shock for infinite 
Mach number is related t o  the ratio of specific heats y, and i s  the most 
important parameter  for hypersonic flow. 
2 But, the introduction of the second parameter  B defined by l / ( ~ ~ h )  
extends the applicability of the theory for  the case of infinite Mach number 
to  that of high but finite Mach number. 
The basic assumption for the deviation of the shock inclination f rom 
the right angle i s  of the order of JA leads us t o  a consistent system of ex- 
pansion for various physical quantities and we can develop a systematic 
procedure of successive approximation. 
In Section 2, the fundamental equations and the boundary conditions 
a r e  discussed. It will be seen that the dominant t e rms  of both pressure 
coefficient and density ratio a r e  constants but this does not mean the f i r s t  
approximation corresponds to the constant density solution, because the 
second terms for these quantities a re  included in our first  order equations. 
Moreover, the flow field i s  highly vortical and the system of equations for 
dominant terms has two real  characteristics. 
As i s  well known, characteristic coordinates a re  useful in a treat- 
ment of partial differential equations of hyperbolic type and we shall intro- 
duce such independent variables throughout this work. 
As far as  the first  approximation is concerned, we have no rnathe- 
matical difficulty and we can obtain some general results independent of 
the individual body shape for the stand-off distance and the pressure and 
velocity distribution along the axis of symmetry, provided that the shock 
wave is detached and has a finite curvature at its nose (Section 3). 
In the following two sections, Sections 4 and 5, we shall treat in 
detail the two special cases--flat-faced disc and power-order bodies. The 
latter case may include the flow past a cone. 
In the case of a cone, we get either flow patterns with an attached 
strong or weak shock wave or that with a detached shock wave, depending 
on the vertex angle of a cone, a s  i s  expected. Qualitative discussions by 
the aid of trajectories, however, predict more possible shock configurations 
in  each case, which have a close similarity to  the flow past an infinite wedge 
shown by the author a f ew  years ago. (6)s (7)  
Recently, ~ e r b i n ( ~ )  and  ree em an(^) attacked the blunt body problem 
by  similar methods, independently. The scheme of expansion used by them 
is similar to the one presented here although some details a re  different. 
r 
& FUNDAMENTAL EQUATIONS AND BOUNDARY CONDITIONS 
Assumkg that the gas i s  perfect and has a constant ratio of specific 
heats, y, we shall define two parameters by the formulae: 
where Moo stands for the Mach number a t  infinity upstream. As will be 
seen in Eq. (2.5), these two parameters a r e  related to the density jump 
through the normal portion of a shock., 
2 In the following analysis, not only Moo but a lso  l/h a r e  taken to 
be very large, while the parameter B is kept finite. The theory based 
on these assumptions i s  now called the 'hypersonic Newtonian flow theory. ' 
Now, we shall make the further assumption that the shock wave is 
almost normal to the oncoming flow in such a way that the deviation of the 
shock angle f rom n/2 is of the order of JX. The justification for this 
procedure i s  a consistent se t  of approximation equations. 
Consistent with this assumption, we shall expand various physical 
quantities in power ser ies  of A, whose dominant t e rms  may or  may not b e  
of the fractional order. 
Taking the Cartesian coordinates (x, r )  with the origin at the nose 
of a body and x-axis coincident with the axis of symmetry (see  Fig. I), and 
letting P, p, Q, Qx, Qr, be pressure. density, magnitude of velocity, 
velocity components in (x, r )  direction and the shock inclination, respec- 
tively, we shall expand these quantities i n  the following terms: 
where the suffix ao re fe rs  to  the undisturbed flow at  infinity upstream and 
* 
x i s  the reduced coordinate defined by the formula 
Lower case quantities a r e  non-dimensional and their suffixes show the order 
of approximation. The dominant t e rms  in pressure  coefficient and density 
ratio a r e  constants, which will be seen to  be a direct consequence of our 
analysis. 
It i s  to  be noted that the Mach number, M, at  any point is given by 
-. -. - 
Next, we shall write down the well-known shock relations in se r ies  
of X: 
which must hold on the shock wave. It should be borne in mind that el, e2*. . . 
a r e  not given a pr ior i  but a r e  to be determined later. 
The fundamental equations governing flow field a r e  given by 
The f i r s t  two a r e  the momentum equations in (x, r )~direct ions ,  re -  
I 
spectively, the third shows the conservation of mass and the fourth refers 
to  the entropy gonservation along each streamline. 
From the third equation, we can define the stream function, 9, by 
But, we shall introduce the reduced stream function, 4, by the relation: 
so that we may have the simplified relation in place of Eq. (2. 7) 
The equations of higher order a re  easily obtained in a similar way. 
Substituting Eq. (2. 2) into Eq. (2. 6) and retaining only the lowest 
order terms, we have 
The first  and fourth equations show that the dominant terms of pressure 
and density do not change along each streamline and according to the shock 
conditions, Eq. ,(2. 5), they must be constants throughout the field, whose 
values a re  used already in Eq. (2.2). 
It i s  easily shown that Eqs. (2.10) have two real characteristics: 
r = const. and \CI = const. 
which a re  conveniently used as  independent variables. However, we define 
the new variable s instead of $ by the relation: 
and r and s a re  taken as  new independent variables. The physical meaning 
of s i s  the radial distance of the point on a shock wave, f rom which the 
streamline going through the point (r, s )  s tar ts  (see Fig. 2). 
The introduction of s has an advantage that that the shock can be 
denoted by the simple relation r = s and the fundamental equations (2.10) 
a r e  reduced to the following forms: 
The boundary conditions, t o  which the solutions of Eqs. (2.12) a r e  
subject, a r e  written in the form 
on r = s, and 
The latter corresponds to the condition that the streamline must be 
tangent to the surface of the body. 
Finally it is convenient for the f i rs t  approximation problem t o  elirni- 
nate the parameter 1 t. B by the transformations 
The basic equations and boundary conditions thus read 
a t  the shock 
and at  the body 
3. THE FIRST APPROXIMATION--GENERAL RESULTS 
The solutions for  Eqs. (2.12) subject to the shock conditions (2.13) 
a r e  easily obtained. 
2 p(s, r )  = -1 - 8 ( r )  t 1 
r 
To determine the unknown function 8, we shall consider the boundary 
condition on the body. Substituting Eqs. (3.1) into Eq. (2.18), we have 
[f ]Body = - + ~ g ~ t d t  r - ~ ( f ) +  FT(iq- 1+e2(r)  
on which the discussions of the following three sections a r e  based. 
When the body shape is given, Eq. (3. 2) appears a s  an  integral 
equation for 8, while it i s  a differential equation for determining the body 
shape in case of the given shock shape. 
However, we can get some general formulae independent of the 
body shape, provided that the curvature of the shock wave at i t s  nose is 
finite, 
In accordance with this assumption, we shall expand 8(s) in the 
Taylor series: 
I 
where 8 ( 0 )  i s  related to  the radius of curvature of a shock at  its nose by 
the relation 
1 
e'(0) = - , Rs = radius of curvature of shock a t  r = Q (3.4) 
A R  s
N 
From Eqs. (2.9) and (2. U), the reduced coordinates x a r e  given by 
r 
Eq. (3.5) is considered a s  the equation of a streamline referred to the shock 
wave for  the fixed value of s, but it i s  also used t o  estimate the stand-off 
distance of a detached shock wave (if any) f rom a body by taking (s = 0, r -t 0). 
Let 6 be the stand-off distance along the axis of symmetry. We 
obtain f rom &qs. (3.5) and (3. 3 )  
6 N N 
- - 
1 
- l im (x(0,r)  - x ( r , r )  ) =- 
JX r e 0  o f ( ~ )  
This i s  rewritten in more convenient fo rm by using Eq. (3. 4) 
that is, shock separation i s  O(h) t imes shock radius. 
The velocity, the pressure  and the density distributions along the axis 
of symmetry a r e  obtained in a similar  way. In these cases, we have t o  let 
U 
r approach zero  for a fixed value of s/r, say k. Evaluating u, p, cr and x 
in  t e r m s  of k and then eliminating the parameter  k, we can obtain the 
following general formulae: 
Here, the distance x i s  measured f rom the nose of a body. 
4. HYPERSONIC FLOW TOWARD A FLAT-FACED DISC 
A s  a f i r s t  example, we shall consider the hypersonic flow toward a 
flat-faced disc with radius r placed normal to  the oncoming uniform flow. 
In this case, the boundary condition on the body is expressed in  the form: 
dx 
(5 ' = 0 for r Q r  0 
s=o 
Then, the integral equation for 8 f rom Eq. (3. 2) is 
Multiplying by r2 and differentiating with respect t o  r, we can convert 
this to the differential equation: 
Eq. (4. 2) is easily integrated t o  give the solution: 
=A-• * A = const. (4. 3) 
(I t28 ) 
In order t o  interpret the constant A, we proceed as  follows. 
Take ro a s  a reference length (see  Fig. 3). Fo r  this purpose, 
trajectories of Eq. (4. 2) a r e  shown in  Fig. 4. It is easily proved that the 
origin in (r,  8)-plane behaves a s  a nodal point and the line 8 = 1, which 
corresponds to  the sonic line in the f i r s t  approximation (as  i s  seen f rom 
Eqs. (2.4) and (3.1) ), is the isocline for vertical trajectories. Since the 
sign of dO/dr changes across  this line, a l l  integral curves starting f rom 
the origin must turn back towards the 8-axis a t  some cri t ical  point ( r  = ro) 
on the sonic line. In the physical plane, this appears a s  a cusp on the 
shock wave. It is reasonable to  identify ro with the radius of the disc, 
because any co-axial cylinder, r = const. , i s  one of the characteristics 
of Eq. (2.10). Any singularity of the equation must propagate along the 
characteristic. By rnaking use of this convention, we can rewrite Eq. (4. 3) 
in t e r m s  of the Mach number M as 
The appearance of a singular point on a shock res t r ic ts  the validity 
of this solution and if  we proceed to  higher approximation, this drawback 
becomes more  serious. 
Now that 6 i s  determined, velocity components, pressure  and 
density a r e  derived by straightforward calculations in the forms: 
2 2 
u(s, r )  = ( s / r )  (6 (s) + 1) 
2 1 4 3 4 4 
.P(S. r )  = -(I + 0 ( 1 )  + ( r 0 r )  ( ( s )  - ( r )  ) - 1 - s /r ) 
where 
2 4 1 5 1 p ( s )  = 27 log (1 t. 26 (s) ) + (s / rO)  (13 ,- 1 
-) 0 (8) 6 ( 6 )  
The pressure  distribution according t o  (4. 6) i s  plotted in Fig. 5a. Though 
Eqs. (4. 6) a r e  of rather complicated form, they a r e  free f rom any singularity 
and, especially, the pressure  distribution on the surface of a body can be 
expanded for smal l  values of r in the form: 
To evaluate a shock shape, it i s  better t o  use Eq. (2.10) in the 
Cartesian coordinates (x, r). It follows f rom the second and third equations, 
that 
:k 
Integrating this  equation with respect to x for  fixed r f rom a shock t o  a 
body, and using the shock conditions, Eq. (2.13), we have 
N 
where x denotes the distance between a shock and a body measured along 
the line r = const. 
Together with Eq. (4.51, we can express the equation of the shock 
in  the parametric form: 
5. HYPERSONIC FLOW PAST A POWER -ORDER BODY 
In this section, we discuss the flow past a power-order body, whose 
contour in the meridian plane i s  given by 
where c and p a r e  two positive constants. 
Substituting this relation into Eq. (3. 2) and making some simple cal- 
culations, we have the differential equation for 8 in the fo rm 
Now, we shall distinguish three  cases  depending on the value of p. 
(1) p > 1. 
This case includes the flow past a paraboloid of revolution (p = 2); 
the qualitative nature of the flow pattern for a l l  other cases  is similar to  
this typical one. 
( 2 )  P < 1. 
The power order bodies classified in this case have a cusp at  the 
nose and our basic assumptions for the order of magnitude a r e  obviously 
violated in a region near the nose. Thus, we shall exclude this case f rom 
our consideration. 
(3) p = 1, 
This case corresponds to  the flow past a cone and Eq. (5. 2) i s  re -  
duced t o  the form: 
A quadratic expression of 8 i s  a factor of the numerator of Eq. (5. 3) and 
three different types of solutions, which should be treated separately, a r e  
obtained depending on the roots of this quadratic equation. 
(i) The case for c2  > 2 
In this case Eq. (5. 3) is rewritten in the form: 
where 
8(l), t 2 )  = c *= (8(1) 3 o(2)) 
-2 
r 
The behavior of ei (i = 1, 2) against c i s  shown in Fig. 5. 
Since the 'sonic point corresponds to  8 = 1, we shall further dis- 
tinguish three more  cases, which a r e  given in Table I. 
TABLE I 
Case (a) 
8(1) supers onic sonic subsonic 
subsonic 
Though it is not difficult to get the complete solution of Eq. (5. 4), 
it i s  enough to  study the behavior of t rajectories of Eq. (5. 4) for predicting 
the flow pattern. 
Firat of all, we notice that the origin in (r ,  8)-plane is the nodal 
point of Eq. (5.4), f rom which the integral curves may start, and the singular 
point a t  r = 0, 8 = 8(2) is a saddle point in a l l  three  cases; however the point 
(1) (0, 8 ) may be a nodal point, a regular point, or a saddle point corresponding 
to  the cases  (c), (b) or (a) respectively. Furthermore, i t  i s  obvious that 
the four straight lines 
8('), 0 and r = 0 8 = 8  , (5.5) 
a r e  integral curves of Eq. (5. 4) except for the line 8 = 8(') for the case (b). 
In Fig. 6(a), (b), ( c )  a r e  shown the typical integral curves of Eq. (5.4)  
for  three cases, respectively. The plus or minus sign in these figures 
r e f e r s  to  the sign of de/dr in each region. 
In order to  have a physical interpretation, only the integral curves 
starting f rom the point on the line r = 0 a r e  permissible and they a r e  
shown by thick lines. 
The line 8 = 0 (r-axis)  corresponds to  the tr ivial  case, where the 
shock i s  normal and straight and re t reats  t o  infinity upstream. 
Two straight lines (I) 8 = 8(l) and (11) 8 = d2) correspond to  the 
weak and the strong straight (conical) shock waves, respectively, and both 
of them a r e  attached to the cone, a s  i s  easily checked by Eq. (3.5), 
Besides these two shock configurations, there  a r e  a few other possi- 
bilities, a l l  of which give curved shock waves. 
The curve marked (111) in Fig. 6 s tar ts  from the origin in a certain 
direction, which i s  related t o  the curvature of the shock (arbi t rary  because 
of the non-existence of any reference length) and finally approaches the line 
( I ) .  Mapping back to  the physical plane, we find a detached shock wave 
starting a s  a normal shock with a finite curvature a t  i t s  nose and tending 
to a strong shock a s  we move along it. The stand-off distance referred t o  
the radius of curvature is given by the general formula, Eq. (3. 6). 
In case (c), two se ts  of integral curves s tar t  f rom the nodal point at  
(1) (r = 0, 8 = 8 ) and one of them marked (IV) in Fig. 6(c) comes down to  tend 
to the line (II), while the other labelled (V) goes up and right until a certain 
cri t ical  point on the sonic line, then turns back to the left and finally tends 
to the 8-axis. The former  corresponds tothe shock starting a s  a weak shock 
at the vertex of a cone and tends to  a strong shock gradually but the latter is 
transformed t o  the shock with a cusp at  the sonic point just a s  in the case of 
the previous section. 
The curvature of these shock waves a t  their nose may be zero or  infinite 
depending on the value of c, and there  i s  one special value, c k 1. 45 06, 
for  which the curvature remains finite. This situation just corresponds to  the 
'Crocca state'  of the two-dimensional flow past a wedge. 
All the possible shock configurations a r e  schmatically shown in  Fig. 7. 
In some ear l ier  papers (6)'(7), the author pointed out theoretically the 
existence of curved shock waves due to an infinite wedge, though there is no 
reference length i n  this problem. It i s  interesting to  note that the situation 
i s  very  similar to  the present cases, especially to  the case  (c). 
(ii) The case for c2 = 2 
The equation t o  determine 8, (5. 3), i s  brought into the form: 
with 
s* = 1/42 
It follows f rom Eq. (5.6) that d8/dr changes its sign only across  the 
* 
sonic line and vanishes on the line 0 = 8 . 
The behavior of typical integral curves a r e  shown in  Fig. 8. This, 
of course, i s  the limiting case  of (ic), when (I) and (11) coincide e a ~ h  other 
and (IV) vanishes. Three possible shock configurations in the physical plane 
Y < 
r 
a r e  shown in Fig. 9. 
(ii i)  The case for c2 < 2 
The last  case i s  rather simple, because the numerator of Eq. (5. 3)  
remains positive for any positive value of 8. 
A t rajectory of Eq. (5. 3 )  in  the (r ,  8)-plane a s  well a s  i t s  mapping 
t o  the physical plane a r e  drawn in Fig. 10. 
There i s  only one possible flow pattern, which i s  completely similar  
to  the case of a flat-faced disc. 
6. INVERSE PROBLEM FOR A POWER -ORDER SHOCK WAVE 
So far, the 'direct '  problem for a given body has been exclusively 
attacked in  this paper, but the conventional ' inverset method for an assumed 
shock wave can be studied more  easily. 
Here, we shall assume the shock shape i s  given by 
Then, by definition, 8 is 
dx q- 1 6 == = mqr 
Using Eq. (6. 2) into Eq. (3. 2) and integrating with respect to  r, 
we have 
* 
where 6 i s  the integration constant equal to  the stand-off distance of the 
shock when the origin i s  taken a t  the location of a shock intersection with 
the axis of symmetry. 
In order to  have a closed body, the value of q should be subject to  
the conditions, together with (6. l), 
Thus, for smaller  values of r, the dominant t e rm  in Eq. ( 6 .  3) is 
~ ( r ' - ~ )  and due to  the condition (6.4) the body has a cusp a t  i t s  nose except 
the two limit cases: q = 1 or  2. Although bodies with such shapes were 
excluded from our consideration in the previous section, the formal corres-  
pondence between this case and case (2) in Section 5 can be shown easily. 
For  the two exceptional cases, Eq. (6. 3) gives 
N 
- l + m ) r  
%ody - (K for  q = 1 
N 
X - 
1 t m r  2 body - for  q = 2 
N 
Here 6 i s  omitted because not only the conical shock i s  attached t o  the 
conical body but also the first t e r m  of the second formula gives the exact 
result for stand- off distance. 
' It follows f rom the f i rs t  equation of (6. 5) that one conical shock 
always corresponds to  one and only one conical body, but a s  seen in  the 
previous section one conical body enables us t o  have various possible shock 
configurations. This i s  shown clearly in Fig. 5, where the 'cl i s  one valued 
function of 8 but not vice versa. 
The second of Eq. (6. 5 )  leads us  t o  the deduction that the paraboloidal 
shock corresponds to the body of the exactly same shape a s  long as the f i r s t  
order approximation i s  concerned. 
At f i r s t  sight, this statement seems to be contradictory to the pre-  
diction made in  Section 5. However, this apparent contradiction is remedied 
by a careful discussion in which an additional t e r m  i s  used to express the 
shock shape. 
Consider Eq. (6.1) replaced by an  alternative formula 
Proceeding a s  before, we get f rom Eq. (3. 2) together with Eq. (6. 6) 
Since we a r e  interested in the region near the axis of symmetry, we can ex- 
pand the denominator for small  values of r and after some simple calcu- 
lations we obtain the expression for the body shape in  the fo rm 
It i s  seen f rom this equation that n must be negative to obtain a physically 
realistic flow. 
If E i s  l e ss  than one, the f i r s t  t e r m  in Eq. (6. 7) i s  dominant near 
the nose, though it corresponds to the correction t e r m  in  Eq. (6. 6). In other 
words, a smal l  disturbance in the shock shape may produce a large influence 
on the body shape. 
It is worthwhile to pay special attention to  the case € = 1, in which 
Eqs. (6. 6) and (6.7) reduce to  the forms: 
N 
X 
2 
= m r  + mnr 4: 
shock 
respectively. 
Since n i s  negative, the curvature of the shock at its nose is l e s s  
than that of the corresponding body. 
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